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Abstract 

We study the renormalizable quantum gravity formulated as a per- 
turbed theory from conformal field theory (CFT) on the basis of con- 
formal gravity in four dimensions. The conformal mode in the met- 
ric field is managed non-perturbatively without introducing its own 
coupling constant so that conformal symmetry becomes exact quan- 
tum mechanically as a part of diffeomorphism invariance. The trace- 
less tensor mode is handled in the perturbation with a dimensionless 
coupling constant indicating asymptotic freedom, which measures a 
degree of deviation from CFT. Higher order renormalization is car- 
ried out using dimensional regularization, in which the Wess-Zumino 
integrability condition is applied to reduce indefiniteness existing in 
higher-derivative actions. The effective action of quantum gravity im- 
proved by renormalization group is obtained. We then make clear 
that conformal anomalies are indispensable quantities to preserve dif- 
feomorphism invariance. Anomalous scaling dimensions of the cos- 
mological constant and the Planck mass are calculated. The effective 
cosmological constant is obtained in the large number limit of matter 
fields. 
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1 Introduction 



At very high energies beyond the Planck scale, the space-time would be 
totally fluctuating quantum mechanically so that geometry loses its classical 
meanings [1, 2, 3]. However, if we apply the Einstein gravity for the Planck 
scale phenomena, we will encounter fatal difficulties, such as the black hole 
singularity and divergences in the canonical quantization procedure. His- 
torically, there are many works tackled the divergence problem introducing 
four- derivative terms in the action of gravity [4, 5, 6, 7, 8, 9, 10, 11], be- 
cause the gravitational coupling constant becomes dimensionless, and at the 
same time we can avoid the unbounded problem of the action. Neverthe- 
less, any attempt in a fully perturbative approach has not been succeeded. 
So, most researchers in this field feel the necessity of quantizing gravity in a 
non-perturbative manner. 

Conformal field theory (CFT) is a reliable candidate for such a non- 
perturbative quantum field theory. Conformal invariance seems to be crucial 
to formulate quantum theory of gravity free from such difficulties, because 
in the early stage of the universe beyond the Planck scale, a scale-invariant 
space-time would be realized as a part of quantum diffeomorphism invari- 
ance, so called background metric independence. Cosmologically, it seems 
to be natural to consider that a scale invariance of the primordial fiuctua- 
tions originates from the conformal symmetry. The renormalizable quantum 
theory of gravity we are going to discuss is that formulated as a perturbed 
theory from such CFT, as in Fig.l. 

To define the action, we employ four-derivative conformally invariant 
quantities in addition to the ordinary lower-derivative actions. It is widely 
believed that the Weyl tensor denoted by C^i^Atr plays a significant role in the 
early universe where it would vanish as required for the inflation. Since the 
Weyl tensor includes the Riemann-Christoffel curvature tensor, the vanishing 
of this tensor means that the singular conflguration such as a black hole is 
excluded. So, we consider the perturbation about the vanishing Weyl tensor 
introducing a dimensionless coupling constant, t, that will be justified by the 
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Our model = 



Early models = 



CFTj + 
Free ) + 



perturbations by a single coupling constant 
perturbations by two coupling constants 



Figure 1: Our model is formulated as a perturbed theory from CFT by a single 
coupling constant t, while the early models in the 1970-80s were formulated as a 
perturbed theory from free fields of both the conformal mode and the traceless 
tensor mode by introducing the coupling constant each. 

asymptotically free behavior. 

Thus the renormalizable quantum gravity is defined by the following di- 
mensionless action [12, 13, 14]: 

/ = I Av^{-^,cl^^ - iG, + - A + }. (1.1) 

The quantization is carried out by the path integral over the metric field with 
the weight e*^. Here, we write the Newton constant as G, and the cosmo- 
logical constant as A. The Lagrangian for a matter field action is denoted 
by Cm- The Euler density G4 is another conformally invariant combination 
defined by 

= R%xa - + R^. (1.2) 

The constant b is introduced to renormalize divergences proportional to this 
term, which is not an independent coupling constant because it does not have 
a kinetic term. 

There is no term in the action, which is commonly introduced as the 
kinetic term of the conformal mode in the metric field. ^ It is because the 
type of divergences is restricted by the Wess-Zumino integrability condition 
[15] for conformal anomaly [16, 17, 18]. Although most of diffeomorphism 

^Thus, this model is free from the problem in the early days [10] that the action 
with right sign for the positivity does not show the asymptotic freedom. 
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invariant counterterms pass this condition, the B? counterterm is forbidden 
in four dimensions. This condition is expressed as non-renormahzation of the 
conformal mode. In the following sections, we will see that the condition is 
indeed preserved at higher orders using dimensional regularization. 

The constant h is the Planck constant, which does not appear in front of 
the four-derivative gravitational actions because, contrary to matter fields, 
gravitational fields are exactly dimensionless and thus these actions in four 
dimensions are dimensionless. This implies that the four-derivative gravita- 
tional actions describe purely quantum states, and have no classical mean- 
ings. 

In order to define the perturbation theory in t about a conformally fiat 
configuration satisfying C^iyXcr = 0, the metric field is decomposed into the 
conformal mode 0, the traceless tensor mode h^^^, and the background metric 
g^,^. The traceless tensor mode is handled in perturbation, while the confor- 
mal mode is treated exactly without introducing its own coupling constant 
as 



where tr{h) = = 0. The contraction of the indices of h^^^ is done by using 
the background metric. In the following, gravitational quantities with hat 
and bar on them are defined in terms of the metric g^i, and (jf^^, respectively. 

Diffeomorphism invariance is defined by the transformation 6^g^iy = gij,\VuC^+ 
9v\^ Under the decompositions of (1.3) and (1.4), each mode of the met- 
ric field transforms independently as 




and 




(1.4) 




(1.5) 
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where the covariant vector is defined using the background metric as = 

Consider the vanishing hmit of the couphng constant to discuss proper- 
ties of physical states. At the hmit, there are two types of diffeomorphism 
symmetry: gauge invariance for the kinetic term of the Weyl action and 
conformal invariance we emphasize here [13]. The former is described by 
introducing the gauge parameter k'^ = /t and taking the limit t ^ with 
leaving finite. From the transformation (1.5), the diffeomorphism is then 
expressed as d^h^y = V^/tjy + Vu^^i — g^iu'^\K,^/2, while other fields do not 
transform under the limit such as 6k4> = 0, because their transformations 
become of order of t in the expansion using k^. 

The conformal invariance is now given by the diffeomorphism symmetry 
with a gauge parameter = satisfying the conformal Killing equation 

V^C. + V,Cm - ^^m-VaC^ = 0. (1.6) 

Since the lowest term of the transformation of /i^jy (1.5) vanishes in this case, 
the second term becomes effective such that the kinetic term of the Weyl 
action becomes invariant under the conformal transformation 

without taking into account self-interaction terms. The transformation laws 
of other fields are also obtained in this way such as 6^(f) — C^Va0 + VaC^/4. 

The dynamics of the traceless tensor mode is governed by the Weyl ac- 
tion, while that of the conformal mode is induced from the path integral mea- 
sure as in the case of two dimensional quantum gravity [19, 20, 21, 22, 23]. 
We change the path integral measures from the diffeomorphism invariant 
measures to the practical measures defined on the background. In order to 
preserve diffeomorphism invariance, the Wess-Zumino action S related to 
conformal anomalies is necessary as the Jacobian, and the partition function 
is expressed as 
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The induced action S contains the kinetic term of the conformal mode. At 
the vanishing hmit of the couphng constant, S is given by the Riegert action 
[24] 

where ^— (7A4 is a confromally invariant fourth-order operator defined later. 
The coefficient bi is a constant with correct sign of 61 > 0. 

The Ricgcrt action is a four-dimcnsional counter quantity of the so-called 
Liouvillc-Polyakov action in two dimensions [19], related to the conformal 
anomaly proportional to the Euler density. This conformal anomaly, against 
its name, plays an essential role to make the conformal symmetry exact 
quantum mechanically at the vanishing coupling limit [25, 26, 27, 28, 29, 
30, 13]. By solving the conformal invariance condition, as a generalization 
of the Virasoro condition in two dimensions, we can obtain diffeomorphism 
invariant physical states [29, 30, 13].^ 

There also exist ordinary coupling-dependent conformal anomalies follow- 
ing the dynamical mass scale that breaks conformal invariance [16, 17, 18], 
which play a significant role when we consider the transition from quantum 
space-time to our real world. In any case, all conformal anomalies arise to 
preserve diffeomorphism invariance. 



2 Dimensional Regular izat ion 

Among various regularization schemes to extract UV divergences, we use 
dimensional regularization [31, 2] because it is a systematic and manifestly 
diffeomorphism invariant method to compute higher order corrections. In 
this section, we give the definition of renormalizable quantum gravity in this 
regularization scheme [12]. 

^It has been shown that the conformal transformations of h^i, and (j) are generated 
by the Weyl and Riegert (not R^) actions, respectively, and then the negative- metric 
modes are indeed necessary to form the closed algebra of conformal symmetry quantum 
mechanically [13]. 
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In dimensional regularization, the results are independent of how the path 
integral measure is chosen. It is an advantage of this regularization scheme. 
Namely, in exactly four dimensional scheme such as the DeWitt-Schwinger 
method has to evaluate the divergent quantity 5(^^(0) = {x'\x)\x'-*x that is 
a contribution from the measure, while in dimensional regularization such a 
quantity vanishes exactly as ^'•'^''(0) = / d^k = 0. The measure contribution 
is, instead, included between D and 4 dimensions, which remains as a finite 
quantity when the four-dimensional limit is taken after the UV divergence is 
removed. Therefore, renormalization has to be carried out with care to the 
conformal-mode dependence in D dimensions. 

2.1 D- dimensional actions 

First of all, we summarize the D-dimensional quantities used in dimen- 
sional regularization. How to settle the problem of indefiniteness arising 
when we generalize the action (1.1) to arbitrary dimensions will be discussed 
in the following subsection. 

We consider quantum theory of gravity coupled to QED with np fermions 
as was discussed in [12], because QED is the simplest prototype of gauge field 
theories we meet in practice. The renormalizable D-dimensional action near 
four dimensions is given by 

r r 1 1 _ 11^2 N 

/ = J d^x,/g[-Cl^,, + bGu + ^F'^. + T^ti^jp^j - ^R + A^, (2.1) 

where Mp — 1/ y/SnG is the reduced Planck mass and k is taken to be unity. 
We work in the Euchdean space obtained by the Wick rotation on the flat 
background to evaluate the Feynman integrals. 

The first term is the square of the D-dimensional Weyl tensor given by 

p TDfJ-iyXcr ^ p TDUu I ~ p2 /o c-)\ 

'^uivxa - ^ni'Xcrn - ^ _ ^ K^vn + _ ^j^^ _ 2) ■ ^ > 
The second term is the D-dimensional generalization of the Euler density 
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defined by 

where G4 is the combination (1.2) used in four dimensions. 

The Dirac operator is defined hj p= e'^'^'-faDu, where e^" is the vierbein 
field in D dimensions satisfying the relations e^e^^ = Qfiu and e^aC^p = 6^/3, 
and the Dirac's gamma matrix is normalized to be {70,7/3} = —2Sai3- The 
covariant derivative for fermions is defined by = + Icu^q/jS"^ + ieA^^, 
where the connection 1-form and the Lorentz generator are defined by a;^a/3 = 
e''a{9,j,e^p - and S"^ = respectively 

Renormalization can be carried out by replacing the bare quantities in the 
action / with the renormalized quantities multiplied by the renormalization 
factors. To make the model finite, we need the following renormalization 
factors: 

A.^Z^/'Al, i^^^Zy\], h,^ = Zl/'hl^ (2.4) 
for field variables and 

e = ZeCr, t = Zttr (2.5) 

for the coupling constants of QED and the traceless tensor field. The Ward- 
Takahashi identity holds even if QED couples with quantized gravity so that 
Ze = Z^ ^^'^ is satisfied. 

The most remarkable property of this model is that the renormalization 
factor for the conformal mode is unity: 

= 1. (2.6) 

This comes from the fact that we treat the conformal mode exactly with- 
out introducing its own coupling constant. Hence, the verification of this 
equation can be used as a consistency check of renormalizablity at higher 
orders. 

In dimensional regularization, the UV divergences arise as negative pow- 
ers of — 4, and thus the renormalization factor is expanded as 
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where the residues x„ are given by functions of the renormahzed couphng 
constants, and tr- 

The UV divergences related to the Go term are renormahzed by writing 
b as 

1 °° b 

because the lowest (tree) part, bo^Go, does not contain the kinetic term 
for gravitational fields, so that it is not relevant dynamically. Thus, b is not 
an independent coupling constant. The constant 60 is taken to be vanishing 
and the residues of 6„ (n > 1) are given by functions of the renormahzed 
couplings. 



2.2 The Wess-Zumino integrability condition 

In order to obtain the D-dimensional gravitational action defined above, 
we applied the Wess-Zumino integrability condition [15] for conformal anoma- 
lies [32, 24], by generalizing the condition to D dimensions, as discussed 
below. 

Consider a generic local-form of conformal anomaly given by the Weyl 
transformation of the effective action as 

5^r = I d^'x^ ^[viKuXa + + r/3i?' + r74V'i? + rmR + ms}, (2.9) 

where the Weyl transformation is defined by St^^g^i, — 2u}gfj,i,. Since confor- 
mal anomalies arise together with UV divergences, it is a possible candidate 
for the counterterm to renormalizc divergences, or the bare action. The 
integrability condition is now defined such that two independent Weyl trans- 
formations commute as 

[S^,,S^,]r = 2 [4?7i + L>r72 + 4(L>- 1)773 + (£>- 4)774] 

X J d^x^RwiiV^U2] = 0, (2.10) 

where the anti-symmetric product is denoted as a^^^b^] = {a^Jji, — ayb^)/2. 
Thus, the integrability gives a constraint on the form of the fourth-order ac- 
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tion, while the Einstein action and the cosmological constant term are triv- 
ially integrable. This condition indicates the renormalizability of quantum 
gravity such that the effective action exists. 

One of the combination satisfying the integrabihty condition (2.10) is the 
D-dimensional Weyl action (2.2). The other combinations are G4 and 

Mn = V'R-^^^R'. (2.11) 

M/) is an integrable generalization of the trivial conformal anomaly V^-R, 
which is no longer trivial in D dimensions. Here, note that in exactly four 
dimensions the integrable quantities are just two of the square of the Weyl 
tensor and the Euler density, apart from the trivial term with the parameter 
Tji, as given by (1.1) in Introduction. 

We further reduce the ambiguity in the D-dimensional action by requiring 
that it satisfies a property analogous to that the action of two-dimensional 
quantum gravity near two dimensions has. The action of two-dimensional 
quantum gravity is given by the scalar curvature. It is a unique second-order 
action that is integrable even in D dimensions. The expansion of the action 
about 2 dimensions is given by 

/ d^x^R = ± ^-^^S^\ct>r9). (2.12) 

•' n=0 

Each term 5"^^^ has the following form: 

S^^\^r9) = j rf^a;yi{0"A20 + i?0" + o(r)}, (2.13) 

where ^/g/^2 — v^(~V^) is the second-order differential operator that be- 
comes conformally invariant at D = 2, and o(0") denotes the terms given by 
the at most n-th product of the field. The action sf^ is the well-known 
Liouville-Polyakov action in two dimensional quantum gravity [19, 20, 21, 
22, 23]. 

We impose the condition that the similar property is satisfied for the four- 
dimensional quantum gravity near four dimensions. Consider an integrable 
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combination Ed — G4^-\-rjMjj and the expansion of it about four dimensions. 
We look for the parameter 77 such that the volume integral of has the 
following expansion series: 

d^x^Eo = E ^ r-^Sn{<P,g), (2.14) 

n=0 



/ 



where each term Sn has the property 

Sni^,g) = J rf^a;v^{20"A40 + ^40" + o(0")}. (2.15) 

The fourth order differential operator y^A4 acting on a scalar variable is 
defined by 

A4 = + 2i?''^V^V. - ^i?V2 + ^V^W^, (2.16) 

which becomes conformally invariant at four dimensions and the quantity £'4 
represents the modified Euler density in four dimensions given by 

E^ = Gi--V'^R. (2.17) 
3 

This combination is defined so as to satisfy the relation ^E^ = ^/g{4A4(f) + 
E4) in four dimensions, similar to the relation ^ygR = ^/g{2A24> + R) for the 
Euler density in two dimensions. Thus, the similarity between two and four 
dimensional models is now apparent. The lowest action 5*1 is nothing but 
the Riegert action given by (1.9). 

This condition determines the parameter rj uniquely to be — 4(D— 3)^/ {D— 
1){D — 2). This value reduces to —2/3 in four dimensions as the modified 
Euler density -E4 holds. Thus, we obtain the combination Ej:) as the D- 
dimensional generalization of the modified Euler density, 

where Gd is the quantity wc seek, given by (2.3). 

The action Gd (2.3) reproduces the Hathrell's result on conformal anoma- 
lies computed at the three-loop level of order in the curved space [33]. In 
order to renormalize the UV divergence, he use the following countertcrm 

bG4 + cH^ (2.19) 
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in addition to the D-dimensional Weyl action (2.2), where H — R/{D — 1). 
The gravitational action G£, we found means that the two coefficients should 
satisfy the relationship 

(D-ifiD-A)^ 

Expanding c in the Laurent series of D — 4 as in the case of b (2.8), it 
represents the relationship among the residues, 

ci^^-^^b, = lb2 + o{D-4). (2.21) 

Hathrell showed that this relationship is indeed satisfied at the order of ef for 
QED in a curved space-time. He also showed that the same relation holds in 
the case of conformally coupled scalar field theory with four-point interaction 
[34]. Furthermore, it was confirmed in the case of non-abelian gauge theory 
by Freeman [35]. These results indicate that the combination Go is universal 
independent of matter contents. 

Historically, the Hathrell's results were, at first, understood as an evidence 
that the Wess-Zumino integrability condition is broken at three-loop level due 
to the appearance of the residue c. The problem is now resolved and it is 
shown that the universality of his results does support that there is no inde- 
pendent counterterm. This condition is expressed by non-renormalization 
of the conformal mode (2.6), and it is indeed confirmed through the whole 
computations including gravitational loop corrections. 



3 Conformal Anomalies and Effective Actions 

Renormahzation is carried out by expanding bare quantities in terms of 
renormahzcd quantities, and regarding terms with non-negative powers of 
I? — 4 as kinetic terms or vertices, and those with negative powers oi D — 4 
as countcrterms. Here, before carrying out definite calculations of renor- 
mahzation factors, we discuss how conformal anomalies arise in dimensional 
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regularization and show that they are indeed necessary to preserve diffeo- 
morphism invariance. 

We here divide conformal anomahes into two groups: couphng-dependent 
and couphng-independent ones. The former is an ordinary conformal anomaly 
that arises following beta functions for the dynamics of gauge field and trace- 
less tensor field, which represents a violation of the conformal symmetry by 
a dynamical scale. The latter appears as a coupling-independent part of the 
conformal anomaly proportional to the Euler term. Contrary to the former, 
it plays an important role to make conformal symmetry exact as a part of 
the diffeomorphism invariance, as mentioned in Introduction. 

To begin with, we consider the QED sector, which produces conformal 
anomalies in the former group. Using the Laurent expansion of Z3 (4.24), 
the gauge field action is expanded as 



where F^^ — V^A^ — V^A^^ {— d^Al, — d,^A^^). Expanding the bare metric 
field Qf^u in terms of the renormalized coupling constant tr and the renor- 
malized traceless tensor field /i^^, we obtain gravitational vertices and their 
counterterms. Here, note that as mentioned before the conformal mode is 
not renormalized so that — 

The first line in the Laurent expansion (3.1) yields the kinetic term and 
counterterms of the gauge field as usual. Thus, the residues determined 
from the UV divergences proportional to the kinetic term. 



\ J d^'x^gFl^ 




(3.1) 
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The new vertices and counterterms of the form in the second hne, 
which represents the Wess-Zumino action for the conformal anomaly, are 
induced by the residue xi as a quantum effect. In general, the residue x„ 
induces the new vertices and counterterms of the form 0"-F^^ as in the third 
line and below. Within the QED calculation, the residue Xi is given by 

At this order, there is a logarithmic non-local term of log(A;^//i^) as a 
finite correction, where (= k^k^.S'^^) is the square of momentum in the fiat 
background and /j, is an arbitrary mass scale. The coefficient of this term is 
proportional to 

corresponding to the beta function Pe/^r = yi/2. Here, the coefficient of the 
one-loop correction is the same to that in xi, while the two-loop correction 
is the twice of that. 



Figure 2: Finite corrections to the vertex (pFJj^ at order ef. The wavy line and 
the dashed line with arrows denote the photon and the fermion propagators, re- 
spectively. The solid line denotes the conformal mode and e at the vertices is 
{4-D)/2. 



After carrying out renormalization and taking the four dimensional limit, 
we obtain the following effective action in the momentum space: 




rQED = 1 - ^ log - + + ^n^-r^AhF^i, (3.4) 
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where, for simplicity, only the zero-momentum mode of is considered. The 
first and second terms in the right-hand side are the tree part and finite 
loop corrections, respectively. The third term is the induced vertex by the 
residue xi, as mentioned above, while the fourth term comes from the sum of 
loop corrections depicted in Fig. 2, which gives the finite contribution because 
the two-loop photon self-energy of QED yields at most a simple pole, which 
cancels out D — 4 on the vertex coming from the first term in the second line 
of the Laurent expansion (3.1). 

Introducing the physical momentum defined on the full metric by 

/ = e/e^'t', (3.5) 

the effective action can be written as 

Tqed = {l - I (^) } \V9-rF;l. (3.6) 

In this way, we can demonstrate that the effective action is written in terms 
of the full metric field g^^^. 

At higher orders, following the non-local term log"(A;^//i^), the Wess- 
Zumino action like y/g^4'"'Fj2 is induced to make the effective action diffeo- 
morphism invariant. 

Similarly, the Weyl action can be expanded in terms of the renormalized 
quantities using expression 

1 / d^x^Cl^,^ = i / d^xVge^^-^^'^Cl^,^ (3.7) 

and the renormalization factors of Zt and Zh- In the same manner as men- 
tioned above, new vertices and countcrtcrms of the type 0"C'^j,Acr ^''^^ 
duced. Although the expression becomes more complicated, the expansion 
is straightforward. 

The non-local term Polog^k^ / fi'^) with /Sq > arises in connection with 
the UV divergence of simple pole determining the beta function to be f3t = 
—Pot^. The divergence also induces the Wess-Zumino action for the conformal 
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anomaly of the type (pCJ^ixa^ thus the effective action is written as 



r 

1 . — 



trip) 

The function is the running coupling constant obtained by collecting 
the terms in the braces as 

Here, p is a physical momentum defined by (3.5) and the parameter Aqq = 
fxcxp{ — l/2f3otf.} is the new dynamical energy scale. The Wess-Zumino ac- 
tion hke '>/g^4>^C'^f^^,xa corresponds to the non-local term \og^ [k'^ / (j^) at 
higher orders. The renormalization group equation will be discussed in Sec- 
tion 6. 

Next, we consider the Euler term. Using the expansion of h (2.8), we 
obtain the following Laurent expansion: 



+ (&i + + ■ ■ ■) (20A4(/> + ^40 + ^i?') 

+^((D - 4)6i + 62 + • • •) (202 A4(/. + ^402 + ...) + .. .|.(3.10) 

The bare metric field is further expanded in terms of the renormalized vari- 
ables using the renormalization factors. The residues 6„ are determined by 
the UV divergences proportional to (74. The residue hi produces the kinetic 
term of the conformal mode, or the Riegert action 5'i(0, Qr) — J d'^x{2(j)Al(f)+ 
E^cf) -\- ^2/18}. The third line in the expansion represents new types of the 
Wess-Zumino action induced at higher orders. 
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Although the residues 6„ are, in general, the functions of the coupling 
constants, the lowest bi includes the constant term independent of the cou- 
plings. So, we separate it into the constant term and the coupling-dependent 
term as 

In the following, bi represents the constant term. For n >2, there is no such 
a constant term. The bi term is necessary to realize the conformal invariance 
at the vanishing limit of the coupling constant. 

We first discuss the lowest part of the effective action with the coefficient 
bi. The non-local part of the effective action arises as a finite loop correction 
following the UV divergence proportional to biG^. So, we seek the effective 
action that yields biG^ under the conformal variation of the metric field ^J^^, 
which is given by 

The first term in right-hand side is the so-called non-local Riegert action 
defined on the metric field Since has no two-point function, this non- 
local action is determined through the three-point function of the traceless 
tensor field. The R"^ term guarantees that Woigr) has no two-point function 
of the traceless tensor field when expanding about the fiat background. 

The diffeomorphism invariant effective action is given by the combination 
of the induced Wess-Zumino action biSi and the non-local loop correction 
Wg as 

+ Wcigr) = J d'x^rEl^El (3.13) 

Thus, the terms cancel out and we obtain the non-local Riegert action 
written in terms of the renormalized full metric, which is a four-dimensional 
counter action of the scale-invariant non-local action of Polyakov in two di- 
mensional quantum gravity. 

The conformal anomalies with the coupling-dependent coefficients, 6'^ and 
bn >2), lead to a violation of conformal symmetry by the dynamical mass 
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scale as discussed in the QED and Weyl sectors. We here consider higher 
order corrections to the coefficient bi in front of the kinetic term Ls^ — 20A40 
by taking the couphng-dependent coefficient of bi{tr) — &i(l — oit^ + •••)■ 
Replacing the coupling constant U with the running coupling constant (3.9), 
we obtain the following effective action in the momentum space: 



bi 



R 



(47r)2 

bi 
(47r)2 



ai 



+ 



(3.14) 



This expression indicates that the (t)^A\(f) term and corresponding non-local 
term with logarithm arise at the order of t^, and therefore the coefficient 62 
arises at this order. Thus, it is understood that the interaction (ff^K^cj) {n > 2) 
is also induced to guarantee diffeomorphism invariance such that the effective 
action can be written in terms of the running coupling constant at higher 
orders. 

The dynamical scale parameter Aqq in the running coupling constant 
(3.9) represents the energy scale where the correlation length becomes short- 
range and thus the conformal invariance breaks down turning to the classical 
Einstein phase. If we set the ordering of two mass scales as mpi » Aqq 
lO^^GeV), where rupi = 1/VG (~ lO^^GeV), we obtain an inflationary sce- 
nario with a sufficient number of e-foldings driven by quantum gravity effects 
[36, 37, 38, 39]. 



4 Residues of Renormalization Factors 

In the previous section, we have seen that the new vertices and countert- 
erms related to conformal anomalies are induced to preserve diffeomorphism 
invariance. Taking into account these terms, we can compute residues of 
renormalization factors and the beta functions including gravitational loop 
corrections order by order of the coupling constants. We here summarize the 
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procedure of calculations and various results for these quantities [12]. We 
then demonstrate that the conformal mode is indeed not renormalized such 
that the renormalization factor of this mode is unity. 



4.1 Gauge-fixing of the Weyl action 

Wc first carry out the gauge-fixing of the traceless tensor field to obtain 
the propagator. The kinetic term of the Weyl action is given by 

1 



t2 



where = d\h\^ and d'Alembertian on the flat background is denoted by 
9^ = d\d\. Here and below, the same lower space-time indices represent the 
contraction by the flat Euclidean metric 5^1,. 

Following the standard procedure of the BRST gauge- fixing [40], we in- 
troduce the gauge-fixing term and the ghost action for the traceless tensor 
field and the U{1) gauge field as well. 



'GF+FP 



N,. (xu - iB)i + c (d,A, -^B)\, (4.2) 



2 / \ 2 



where c^^ and c are the anti-ghosts and 5^ and B are the subsidiary fields. 
5b denotes the BRST transformation. N^j^^, is a symmetric second-order dif- 
ferential operator. Here, it is defined as 

N,. = {-2dX. + . (4.3) 

The BRST transformations for the traceless tensor field and the gauge 
field are obtained by replacing the gauge parameter of the diffeomorphism 
^'^ /t with the ghost and that of the C/(l) gauge transformation with the 
ghost c as 
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+^^ma {9uC\ - dxc^) + ^Kx {df,cx - dxc^) H , 

SbA^ = d^c + t{cxdxA^ + Axd^cx). (4.4) 

The BRST transformations of ghosts, anti-ghosts and subsidiary fields are 
given by 

Sbc^ = tcxdxc^, 

Sbc = tcxdxc, 
Sbc^ = -B^, SsBf, = 0, 

Sbc = B, feS = 0. (4.5) 

And also, the BRST transformation of the conformal mode, which does not 
appear in the gauge-fixing term, is given by 

5B(f) = tcxdx(f) + -^9xcx. (4.6) 

Using the BRST transformation, the gauge-fixing term and the ghost 
action are expressed as 

-^GF+FP = j d^x\^B^N^,yXv-'^B^,N^^B^-c^,N^^dx{5BKx) 

+Bd^A^ - ^B^ - cd^iSBA^)^ (4.7) 

Furthermore, integrating out the subsidiary fields, we obtain the following 
gauge-fixing term:^ 



'GF 



/ d^x l^^x,N,^X. + ^(^m^m)'} ■ (4-8) 



The renormalization of the gauge-fixing parameters are defined by a = 
Z^ar and C = Z^Cr such that the counterterms for these kinetic terms have 
the gauge-invariant forms. We also introduce the renormalization factors for 



*After integrating out the B/^ field, the determinant det ^^^{N^,^) arises. If one use 
the background field method in a curved space-time, one has to evaluate this determinant 
[10]. 
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the ghost fields as usual. Here, the choice of = 1 and = 1 is the so-called 
Feynman gauge. In the following, we use the Feynman gauge. 

In the Feynman gauge, the propagator of the traceless tensor field be- 
comes 

KMKA-k)) = ^^^1,Cm^ (4-9) 

where the projection operator to the traceless mode is given by 

^!!uM = \ i^nX^ua + S^aSux) - ^S^Jxa, (4-10) 

which satisfies the condition I]j — Ih- The propagator of the traceless tensor 
field is described by the spiral fine. 



4.2 Propagator and vertices in the Riegert action 

The kinetic term of the conformal mode is contained in the Riegert action 
induced following the UV divergence with the residue bi as shown in (3.10), 

/ ^''^(^{2'^^4'^ + ^40+^i?'}. (4.11) 

From this action we obtain the propagator of the conformal mode, 

imH-k)) = (4.12) 

which is described by the solid line. 

Expanding the the Riegert action (4.11) in the coupling constant t, we 
obtain the following interactions: 



(47r)2 



2 



2b 

K^hh = ■j^;^t^{d'^(pdf,d^(j)h^xKx + d^,d^(j)dxd^(l)h^,^hxa 

-\- terms including dh |. (4-13) 
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Here, we write only the terms needed in the following computation. The 
first and second terms in come from the (V^-R)0 term in £^40 and the 
last R'^ term, respectively. Both L^^^ and -L^^^^j are derived from the 
term. The bare quantities, t and hfj,^,, are further expanded in terms of the 
renormalized ones to obtain the vertices and counterterms. 

4.3 On UV and IR divergences 

We here give various comments on the regularization. As will be known in 
the following computation, the number of loops does not match with the order 
of h in quantum gravity. It is apparent from the fact that the Riegert action 
as the kinetic term of the conformal mode is induced by a loop effect. In 
general, it is because four-derivative gravitational actions are dimensionless 
quantities of the vanishing order of as mentioned in Introduction. 

The lower-derivative gravitational actions such as the Einstein action and 
the cosmological constant term cannot be regarded as ordinary mass terms, 
because the conformal mode is now treated exactly without introducing its 
own coupling constant and thus these actions become diffeomorphism invari- 
ant in the form with exponential factors of the conformal mode even at the 
vanishing coupling limit, contrary to the induced Wess-Zumino actions ex- 
panded in polynomials of the conformal mode order by order of the coupling 
constants. 

Therefore, in order to treat infrared (IR) divergences, we introduce a small 
fictitious mass z to the gravitational field like a photon mass, namely we 
replace the momentum dependence of the propagator with 1 / {k'^ + z"^)"^ . 
The IR divergence then arises in the form of either log z'^ or negative power 
of z"^. Since such a mass term is not gauge invariant, the IR divergence finally 
cancels out. 

Here, we summarize the quantities used in the following calculations: 

= 4 - 2e, = triJ^\ Cr = CrU^ b = bijL~^^ (4-14) 

where /i is an arbitrary mass scale and ir, and b are dimensionless quanti- 
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ties. In the real space, the conformal mode that appears in the exponential 
factor has to be dimensionless even in D dimensions, while the traceless 
tensor field has the dimension 

4.4 Non-renormalization theorem for the conformal mode 

To begin with, we give the results for the residues 6„. Evaluating the UV 
divergences proportional to G4, the residues have been computed as 

9^3 ~6 

The coupling- independent part of the residue of simple pole, 61, is given 
by the sum of one-loop contributions from three sectors of QED [18], the 
conformal mode [26] and the traceless tensor mode [10].^ The coupling- 
dependent residues of simple and double poles, b[ and 62, are two-loop and 
three-loop contributions from the QED sector, respectively, computed by 
Hathrell [33]. 





bltr b]tr b-[tl 

(a) (b) 
Figure 3: The order corrections to the conformal mode. 

Now, wc demonstrate = 1 in definite calculations. We first consider 
the two-point function of the conformal mode at the order of t"^ depicted in 



^In general, bi = (iVx + HA'^d + 627V^)/360 + 769/180, where Nx, Nd and Na are the 
numbers of conformally- coupled scalar fields, Dirac fermions and gauge fields. 



22 



Fig. 3. Prom the vertex L^^^ in (4.13), the Feynman diagram (a) in Fig. 3 
gives the contribution^ 



{2n) 



hi tl 



D-2 



6 (47r)2 2{D -3) J (27r)^ {P + z2)2{(/ + fc)^ + z^y 



X 



6{t'k^ + f A;') + 24/^A;^ - 16(/ ■ k){t'k* + fe) - 20(/ ■ kfl^k^ 
-2{l • k)\l^ + k") + 8(Z • kf{l^ + A;2) + 8(Z • k^ 



A- D 
3D 



36l^k^ + 24(Z • k){Pk^ + n'') + 40(Z • kfPk 



l2iA 



\2;2k2 



-4(/ • kfit + k^) - 16(/ • kf{l^ + A;') - 16(/ • k) 



(4.16) 



Carrying out the integral of the momentum I under z <^ 1, the inside of the 
braces { } is calculated as 



2bi 



(An) 



k" 



-3 



(4vr) 



i_lo — i 



(4.17) 



where 1/e = 1/e — 7+log47r. The non-local term \og{k'^ / ^'^) does not appear, 
which cancels out. 

The tadpole diagram (b) in Fig.3 comes from the vertex i^^^/j/j in (4.13). 
Since the vertices including a derivative of the h^^ field give a vanishing 
contribution for such a tadpole diagram, only the two terms shown in L'^^f^^ 
give contributions, which are collected to be 

72/1 ^2 



2bi 



{Any 



■k' 



ti 



(47r) 



1 , 7' 



(4.18) 



Combining the contributions (4.17) and (4.18), we can see that the UV 
divergences as well as the IR divergences indeed cancel out. In this way, we 
can show that — 1 holds at the order of t'^. Here, we remark that the 
sum of the finite terms gives a positive contribution to the coefficient oi in 
the effective action (3.14). 



^Although we here introduce the fictitious mass both for the conformal mode and the 
traceless tensor mode, the result is not changed even if we introduce the mass only for the 
traceless tensor mode. 
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Figure 4: The ef order corrections to the conformal mode. 

Next, we show that the condition — 1 indeed holds up to the order 
of e^. The loop corrections to the conformal mode at the order of are 
trivially finite. The corrections at the order of ef are depicted in Fig.4. Here, 
the diagram written by a circle with "e^" inside denotes two-loop diagrams 
for the ordinary photon self-energy. In the following, for simplicity, diagrams 
including counterterms inside to subtract UV divergences of subdiagrams 
are suppressed. At the order of ef, there is no counterterm to subtract the 
overall UV divergence, because the residue of the double pole 62 arises at 
the order of so that the corresponding counterterm to subtract the overall 
simple pole divergence appears at the order of e^, as seen from the Laurent 
expansion (3.10). The sum of the diagrams in Fig.4 indeed becomes finite as 
required. 

In the same way, we can demonstrate = 1 at the order of using the 
Hathrell's results. This result is a consequence of the combination Go (2.3) 
obtained in Section 2, resulting in the relation (2.21) found by him at the 
three-loop order. 
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4.5 The beta functions 



The renormalization factor of the couphng constant tr has been calculated 

as 

!^ + 5\ JLl _ Z!^i?!Ll + o(i') {A 19) 

80 + (47r)2 e 288 {A^Y e ^ ^ ^ 

The terms of order of is the sum of one-loop contributions from QED [18] 

and quantum gravity [10, 26] sectors, while the contribution of order of t^e^ 

comes from two-loop diagrams with no internal line of gravitational fields 

[41]. 

The beta function of the coupling constant tr is defined by 

A = lij-^ir. (4.20) 

The bare quantity defined in the original action should be independent of an 
arbitrary mass scale fi. This condition yields the equation 

O^l^^t^l^^iZtiri^'), (4.21) 

and thus the beta function can be written as 

Pt = -eir-ir-^^. (4.22) 

Noting that the lowest term of the beta function is proportional to e such 
as iidtr/d/i — —etr + ■ ■ ■ and also /ider/d/i — — ee^ -|- • • •, we obtain the beta 
function 

/n^ 10\ 7nF eltl , 

1 40 + yj (4^0^ "^(4^0^+^^^'^^' ^^-^^^ 

where we take the limit e ^ after the finite quantity is obtained and 
remove the tildes on the couplings. Since the beta function becomes negative, 
the coupling constant for the traceless tensor field indicates the asymptotic 
freedom. 

The renormalization factor for the C/(l) gauge field is given by 



3 (47r)2 e V Tl hx ) (47r)4 e 
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Here, the corrections proportional to are the contributions from dia- 
grams with an internal line of the conformal mode that arise at the order of 
ef. The results of double pole divergences that arise at the order of are 
added. There is no contribution of order of i^, because the UV divergences 
from diagrams with an internal line of the traceless tensor field cancel out at 
this order. 

The beta function of the QED coupling constant is defined by 

A = . (4.25) 

Since the Ward-Takahashi identity Zi = Z2 holds even if quantum gravity 
is coupled, the renormalization factor of the coupling constant is given by 

— 1/2 

Zf. — . Thus, the beta function can be written as 

Since the bare quantity h is independent of the arbitrary mass scale /x, the 
dimensionless constant defined by (4.14) satisfies the equation jjidhi^ / djji — 
—2eb{^. We here regard the constant bi as an arbitrary constant when we 
compute the beta function. After a finite expression is obtained, we sub- 
stitute the definite value. This treatment is consistent with the result of 
Z3 (4.24) reflected in the relations between the residues of simple poles and 
double poles. In this way, we obtain the flnite expression of the beta function. 

We here remark that the effect of quantized gravity gives a negative contri- 
bution. Substituting the value of h\ (4.15), the whole of the order term 
becomes negative if > 24. 



5 Renormalization of Composite Fields 

In this section, we discuss renormalization of the cosmological constant 
term and the Einstein action, which are given by composite fields with ex- 
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ponential factor of the conformal mode even at the vanishing hmit of the 
couphng constant. 



'EH 



Ml 



Ml 



5.1 Vertices in lower-derivative actions 

The cosmological constant term is simply written in terms of the expo- 
nential factor of the conformal mode as 

7a = A y d^x^ = A y d^xe^'^, (5.1) 

while the Einstein action has the form expanded in the coupling constant as 

j d^'x^R 

I rf^xe^-^-')"^!^ - 2(D - 1)VV -{D- 1){D - 2)Va0V^0} 

= l^Ml J d^xe^^-'^^[d'<f> + ^th,. {-d,dA + d,<t>d.<t>) 

D -2, 

+ ^P_-^^ ^aV^aV - ^^^—^d^^h^xduhux + o(t^)|. (5.2) 

These terms are renormalized by redefining the bare cosmological constant 
and the square of the bare Planck mass as 

A = Z^Ar, 

^^Ml = ZekM^^ (5.3) 

respectively. Here A^ and Mp are the renormalized mass scales. Those with 
canonical dimensions denoted by symbols with tildes are defined as 

A^ = Kl^-'^', = M^V"^'- (5.4) 

The renormalization factors are expanded as 
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Since the conformal mode is not renormalized, the cosmological constant 
is expanded using only the Laurent expansion of in the form 

+^ ((£> - 4)2 + (D - 4)iii + + • • •) (/''e^'^ 

+ •••}. (5.6) 

The Einstein action is expanded in terms of the renormahzed quantities us- 
ing the renormahzation factor Zeh and those for the couphng constant and 
traceless tensor fields as 

2 ^2 ^ 

+ •••}■ (5.7) 

5.2 Scaling dimension of the cosmological constant 

We first consider the renormahzation of the cosmological constant. In 
the following, we only consider the gravitational interactions and do not 
take care of the matter contents, which are represented by the constant bi. 
The computation is carried out in the large bi limit, which corresponds to 
a large number limit of matter fields. Furthermore, in this section, we take 
care only the UV divergences to compute anomalous dimensions, while the 
IR divergence will be discussed when we compute the effective cosmological 
constant in Section 6. 
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n 
(a) 

Figure 5: The 1/bi and l/bf order corrections to ttie cosmological constant. 

The Feynman diagrams contributing to anomalous dimensions at the first 
and second orders of the expansion in 1/bi are depicted in Fig. 5. Here, 
we carry out computations by expanding the exponential factor as e'^'^ = 
X]ri(40)"/'ri!. The 0^ vertex with ebi in diagram (b) is the induced vertex 
from the Laurent expansion of the Go action (3.10). The renormalization 
factor to subtract the UV divergences from these diagrams is given by 

^, = 1414144 + .... (5.8) 

The simple pole terms come from diagrams (a) and (b), respectively. The 
double pole term comes from diagram (c) with separate loops, where coun- 
terterm diagrams to subtract subdivergences are suppressed. Thus, we ob- 
tain the residues of the renormahzation factor to be — A/hi -\- A/h\ and 
U2 = 8/6?. 

The potentially divergent diagrams proportional to the induced vertex 
of (pe^"^ are given at the order of I/&1, which are depicted in Fig. 6. The 
first two diagrams, (a) and (b), are constructed from the induced vertices 
given in the second line of the Laurent expansion (5.6). The sum of the 
UV divergences from these diagrams, however, exactly cancels the simple- 
pole counterterm of 06^*^ induced by the residue U2. The diagram (c) also 
gives a finite contribution because the UV divergence cancels that from its 
associate counterterm diagram to subtract subdivergences, not depicted here. 
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Figure 6: The l/bf order corrections to the induced ^e^*^ vertex. 

Thus, these diagrams do not contribute to the renormahzation factor. The 
UV divergences proportional to the induced vertices will be renormalized by 
using the information of the residues Un- 

The anomalous dimension of the cosmological constant is defined by 

1^ dAr , . 

7a = -^-1—- 5.9) 

Using equation (5.4) and the fact that the bare cosmological constant satisfies 
the equation dA/d/i — 0, we obtain 

dZ\ 4 
Z\ d/i bi ' bi 

in the large bi expansion. 

This result can be compared with the exact expression computed using 
the conformal algebra. The anomalous dimension represents a response to a 
scale transformation, or conformal transformation, and thus the conformal- 
mode dependence of the renormalized cosmological constant is defined by 
5^La = (4 + 7a)-La, where 4 is the canonical value. The conformal-mode 
dependence obtained by solving the conformal invariance condition is given 
by e'^°'^ with 70 = 26i(l — ^JT^^'i/bi), and thus we obtain the relationship 
7o = 4 + 7a. Hence, the exact solution of 7a is given by 

. 4 8 20 
7A = 7o-4 = - + ^ + ^ + ---. (5.11) 



7A = -2.+ ^^ = ^ + ^ + --- (5.10) 
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The first two terms agree with the results in (5.10). 




Figure 7: The order correction to the cosmological constant. 







Figure 8: The t^/bi order corrections to the cosmological constant. 



Furthermore, there are corrections from the Feynman diagrams including 
the interactions with the tracclcss tensor mode given in (4.13). The o(t^) and 
o{tf./bi) corrections are given by the diagrams in Fig. 7 and Fig. 8, respectively. 
The sum of these diagrams produces only the simple-pole divergence. The 
corresponding part of the renormalization factor is computed as 




(5.12) 



Here, the first term of the o{t1/bi) divergences in the first line comes from 
the sum of the contributions from diagrams (a) and (b) in Fig.8, which is 
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computed using the results given in Section 4.4, while the second and third 
terms are contributions from diagrams (c) and (d), respectively. 

When the Einstein action is coupled, there are loop corrections dependent 
on the mass scales. They are given by diagrams (a) and (b) in Fig.9 up to 
the order of t^. The corresponding part of the renormalization factor is given 

by 




(5.13) 



Figure 9: The Mp^/bf and MpH'^/bi order corrections to the cosmological con- 
stant. 

Adding (5.12) and (5.13) to the renormahzation factor (5.8), we obtain 
the following anomalous dimension: 

4 8 /I 44 1\ t2 /g 1 t2 \^^2^r4 

^^=6; + 6!+(3 + Yd(4^-U + ^(i^J^ + --- ^'-''^ 
in the large bi expansion. 

5.3 Scaling dimension of the Planck mass 

Next, we consider corrections to the Einstein action up to the order of t'^. 
The Feynman diagrams that yield simple poles are depicted in Fig. 10 and 
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Fig.ll. The renormalization factor is computed as 

1111/19 2 1 

Zeh-1 = — h h 

2bie Able V 24 8 3 12 

II II 7 g 

26i e All ^ 



tt 1 



(47r)^ 



12 (47r)' 



1 



(5.15) 



The contributions of orders l/6i and l/h\ come from diagrams (a) and (b) 
in Fig. 10, respectively. The order contributions in the first hne are, from 
the left, given by diagrams (a), (b), (d) and (e) in Fig.ll, respectively, while 
diagram (c) becomes finite. 





Figure 10: The l/6i and l/6f order corrections to the Planck mass. 
The anomalous dimension for the square of the Planck mass is defined by 

7eh = -ic^—j — ■ (5-16) 



Using the equation for the bare Planck mass dM^/dji = 0, we obtain 



7eh 



-2e + 



^EH 



bi^ bj^ Q (47r)2 ^ 



(5.17) 



Here, we compare this result with the exact expression derived from CFT, 
which is given by 



7EH = 26i 1- Wl 



bi 



^ 1 1 5 

2 = — + 72+773 + 

bi bl 46f 



(5.18) 



This agrees with (5.17) in the CFT limit of U 0. 
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Figure 11: The order corrections to the Planck mass. 

6 Renormalization Group and Effective Cos- 
mological Constant 

We here study the renormahzation group equation [42, 43, 44, 45, 46] 
for the effective action, especially for the effective cosmological constant, in 
which the scale parameter will be identified with the constant mode of the 
field. 



6.1 The 't Hooft- Weinberg equation 

Consider the renormalized n-point Green functions rj;"^-* of composite 
fields of the conformal mode with canonical mass dimension do, like 
and y^i? with = and 2, respectively. Since the conformal mode is 
not renormalized such that = 1, the unrenormalized Green function T^"'^ 
is the same to the renormalized one. Therefore, the renormalization group 
equation is represented as dT'^'^^dji = dT^'> /dji = 0. By using the chain rule 
for differentiation we have 

(99 d 

-7EH {tr) M^2_l_y(n) ^^k, tr, K, /,) = 0, (6.1) 



34 



where k denotes a set of external momenta on the flat background and we 
introduced the dimensionless scale parameter A. The renormalization group 
quantities (3t, 7a and 7eh have been defined in the previous sections. We 
here suppressed the tildes on the dimensionless quantities such as ir as no 
confusion will be occurred. 

Based on naive dimension counting, we find that the Green function has 
the following form: 



(6.2) 



where f]*^") is the dimensionless function. Taking into account the above 
general form, we obtain an identity 



d 



d 



d 



d 



Combining equations (6.1) and (6.3), we obtain the following equation: 



(6.3) 



d 



d 



4 + 7A(i„A„Mf2) 



A, 



d_ 
dKi 



d 



[2 + 7EH {tr)] K'g^ + 4 - ndo j F^") (AA;, t„ A„ M;^, = 0. 



(6.4) 



Here, we set the scale parameter to be 



(6.5) 



and introduce the running coupling constant tr{(j) and the running mass 
scales A(cr) and Mp{a) defined by the equations 

d - a r \ 

~'da^^ — [tr) ) 



da 



A + -f^(tr,^, Mp) 



A, 



--^Mp = -[2 + 7EH(tr)]Mp. 

da 



(6.6) 
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If we replace tr, and Mp^ in equation (6.4) by the running coupling con- 
stant tr{(T) and the running mass scales h.{cr) and Mp((T), respectively, we find 
that with the help of the equations defining these quantities, this equation is 
transformed into a total derivative 

(^-^ + 4-n(iojr('^)(e'^A;,t,(a),A(a),Mp(a),/^) =0. (6.7) 
Thus, we obtain 

r(") (e^A;,i,((7), A((7),Mp((7),/x) = T^") (A;, i„ A„ M^^^ //) e(^-"'^°)^ (6.8) 

where we take the conditions 

tr{a^Q) = tr, A((T = 0) = A^, Mp(c7 = 0) = . (6.9) 

Equation (6.8) is the general solution to the 't Hooft- Weinberg equation (6.1). 

Replacing the momentum e'^k by k and rewriting equation (6.8), we ob- 
tain a slightly different form as 

r^'^) (Ve^^„ A„M^^/.) = r(") (fc,t,(a), A(a),Mp(a),/.) e-^'-^'^^^ 

(6.10) 

This expression is convenient to study the scaling behavior of the Green 
function with the momentum /c/e'^. Indicated by the physical momentum 
(3.5), the scale parameter a can be identified with the constant mode of the 
(f) field. Thus, the large a limit corresponds to the IR hmit. Correspondingly, 
the limit cr — > — oo is the UV limit. 

6.2 Effective cosmological constant 

As mentioned above, the dimensionlcss scale parameter a can be identified 
with the constant conformal mode. So, we introduce the constant background 
of the conformal mode by shifting the field as ^ + a. 

Here, we consider the CFT limit of t,. = 0. The large hi limit is also taken 
into account, while the ratios, A^/^i and Mp^/bi, are taken to be the order 
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of unity. In this limit, the one- loop approximation becomes valid and loop 
corrections to the effective action are written by functions of these ratios. 
The anomalous dimensions is then given by 

4 IStt^M^^ 1 

up to the order of I/&1. 

The effective cosmological constant is divided into three parts of tree, 
induced and loop terms. The tree term is A^e^'^. The induced term is given 
by the finite term induced by the residue of the simple pole in (5.6). Since 
the residue mi is given by 7a in (6.11), we obtain 

^induced ^ 1^^^^ _ l^M^^j ae^^. (6.12) 

Since the expansion in the quantum field corresponds to the expansion 
in 1/61, we expand the action up to the second order of the field. Rescaling 
the field to be = (p in order to normalize the kinetic term of the 

conformal mode, we obtain 

+??£!^,,.V-igA.-fMr)e-)^(6.13) 

Here, we add the counterterm to regularize the UV divergence. The depen- 
dence on arbitrary mass scale fi is suppressed for the present, because it 
can be easily recovered. The loop correction is then given by the one-loop 
diagram depicted in Fig. 12. 

We define the differential operator V such that the action is written in 
the form / ipVip/2. In the momentum space, it is 

V^k'- f^M^'e^'^e + ^ A,e^^. (6. 14) 

bi Oi 
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Figure 12: Loop diagrams for the effective cosmological constant. 



The loop correction to the effective potential is then expressed as 

IokU 



det {Vq^v) 



-1/2 

247r2 



2 J (27r)^ 

where X>o = is the inverse of the propagator of the rescaled conformal mode 
(f. Expanding the logarithmic function in series, we obtain the following 
expression: 

r-^ f d^k ^,,1 247r%^,,^,, 1 y 

1,2 

1 ^ A n! 

2 n .fr'n (n — m)!m! 



yloop 



= 

n=l 



\n—m( J3\m T 



(6.16) 



m=0 



where 



61 ■ ' 61 

and the momentum integral is defined by 

d^k 1 



247r2 
B = ^MS^e^- 



(27r)« (A;2)2n- 



(6.17) 



(6.18) 



for n > m. 

The momentum integral has the UV divergence for 2n — m = 2 and the 
IR divergence for 2n — m > 2, while vanishes for 2n — m < 2. The IR 
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divergences are evaluated by introducing a small fictitious mass namely 
the square of momentum in the integrand is replaced as A;^ — > /c^ + z^. After 
carrying out the computation of the effective action, we take the vanishing 
limit of the mass z. 

Since the integral vanishes at z ^ 0, it gives no contribution. The 
integrals Ii-q and l2-2 have both the UV and IR divergences given by 

v2 \ 



hfl — h;2 — 



{Any 



3 - log ^ 



The integrals with 2n — m > 2 have the IR divergences as 

^ / 1 ^ 2n— m— 2 



(6.19) 



(6.20) 



(47r)2 (2n - m - l)(2n - m - 2) V^^ 

Substituting these results into the expression (6.16) and subtracting the UV 
divergences by the counterterm in (6.13), we obtain the following series: 



yloop 



A 



'2(471)2 °^/i2 + 4(4^)2 



oo n 



, ^2 I 

log^ + 



A' 



^2 4(47r)2^2 24(471)2^4 



+ 



(47r)2 i 



EE 



l)"-^(-l)™A 



n—m^m 



=3 m=0 



[n — m)\m\ 2n{2n — m — l){2n — m — 2) Kz"^ 



2n— m— 2 



(6.21) 



The sum of the infinite series is evaluated and the expression of T/^°°p at 
z — > is obtained in Appendix C. Adding the tree and induced terms, we 
finally obtain the following effective cosmological constant: 

V = ^^g4a _^ ^induced _^ yloop 

'A 




.. (6.22) 
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Here, note that the cr-dependences in the braces cancel out. 

Let us consider the renormahzation group improvement of the effective 
cosmological constant. By setting the conditions (6.9) and the anomalous 
dimensions (6.11), the renormahzation group equations (6.6) are solved as 

A(a) = e-|A. + 4^---^j. + ...|, 

Mp(a) = M^V^ (^1 + ^CT + • • , (6.23) 

and the effective cosmological constant satisfies the equation 

y (A(a),Mp(a),//) =e^<^y (A„M^2^/x), (6.24) 

where V in the right-hand side is a constant evaluated at cr = 0. Thus, the 
effective cosmological potential can be written in terms of the running mass 
scales as 




A(a) 97r2Mp(a) /37rMp(a)/6i 



^ - -A ^arccos ^ " ' (6.25) 

Both of the running mass scales decrease in the UV limit of o" — ^ — oo due 
to the exponential factor of a J In the IR limit of a — > oo, the running Planck 
mass monotonously increases. As for the running cosmological constant, 
however, if the correction term in the solution of A(o") (6.23) is negative, it 
decreases even in the IR limit when this term becomes effective. 



7 Conclusion 

We studied the renormalizable quantum gravity formulated as a per- 
turbed theory from CFT in four dimensions. The metric field was decom- 
posed into the conformal mode and the traceless tensor mode, and the con- 
formal mode was treated non-perturbatively without introducing its own 

''Since we consider the large bi expansion, the Umit will be valid within \cr/bi\ < 1. 
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coupling constant so that conformal symmetry was realized as a gauge sym- 
metry, while the traceless tensor mode was handled in perturbation with the 
coupling constant indicating asymptotic freedom that measures a degree of 
deviation from CFT. 

Dimensional regularization was used to carry out higher-order renormal- 
ization, which is a manifestly diffeomorphism invariant regularization at all 
orders. To determine the D-dimensional action, we applied the Wess-Zumino 
integr ability condition to reduce indefiniteness existing in the four- derivative 
gravitational action. The renormalization was carried out by the counterterm 
method introducing the renormalization factor as usual, provided that the 
renormalization factor of the conformal mode is unity because of no coupling 
constant for this mode. 

The effective action of quantum gravity improved by renormalization 
group was found. We then made clear the relationship among conformal 
anomalies, conformal symmetry and diffeomorphism invariance: the con- 
formal anomaly can be divided into two groups of coupling-dependent and 
coupling-independent ones, and the former is ordinary conformal anomaly 
that violates conformal invariance, while the latter is, against its name, re- 
quired for making conformal symmetry exact at the vanishing coupling limit. 
In any case, it was shown that conformal anomalies arise to guarantee dif- 
feomorphism invariance quantum mechanically. 

The anomalous scaling dimensions of the cosmological constant term and 
the Einstein action were calculated. We found that these results agree with 
those obtained by solving the physical state condition of conformal algebra 
in the CFT hmit. 

The renormalization group equation in which the scale parameter is iden- 
tified with the constant conformal-mode was derived and applied it to the 
effective cosmological constant calculated in the large number limit of matter 
fields. We found that there is a solution that in the IR limit the the running 
Planck mass monotonously increases, while the running cosmological con- 
stant decreases, although both decrease in the UV hmit as the perturbation 
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theory is justified. 

We managed the IR divergence by introducing a small fictitious mass for 
the gravitational field like a photon mass, because the lower-derivative grav- 
itational action cannot be considered as a mass term due to the existence of 
the exponential factor of the conformal mode. We showed that the fictitious 
mass term is not gauge invariant and thus the IR divergence cancels out. 

Recently, it has been demonstrated that the conformal symmetry mixes 
the positive-metric and negative-metric modes, and consequently the negative- 
metric mode does not appear independently as a gauge invariant state at all 
[13, 29, 30]. Thus, the physical state is restricted to be a diffeomorphism in- 
variant combination of these modes, classified by real fields with even number 
of derivative such as the scalar curvature. The correctness of the overall sign 
of the Riegert and Weyl actions, not the sign of each mode, will be significant 
to make two-point correlation functions of these real fields positive. 

The conformal invariance forces us change the aspect of space-time at 
very short scales less than the Planck length, where there is no particle 
picture propagating on the flat background. Hence, a traditional S-matrix 
description is not adequate at all. The fact that there is no h in the Weyl 
action and the Wess-Zumino action also indicates this description. Thus, it 
is expected that unphysical states are confined as a virtual quantum state 
and does not appear in the classical limit ^ — > 0. 



APPENDIX 



A Various Formulae for Gravitational Fields 

Our curvature conventions are given by R\„i, = d^T^^^^^ + ■ ■ ■ and R/^,, = 
^^ixXv ^^c^ t^Sii the commutator of the covariant derivatives satisfies 

n 

K, V,]^M,..A„ = E^M-Ar^Ai,..,a,,.,A„. (A.l) 

i=l 
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Conformal veiriations in D dimensions Under the Weyl rescaling S^g^j^i, — 
2ujg^i,, the scalar curvature transforms as 

5^^R ={D- 2)uj^R - 2{D - 1) V^V'w, (A.2) 

and the fourth-order gravitational quantities transform as follows: 

{D - 4)u;^R'^''^'^R^,^, - 8y/gR'^''V ^V^cu, 
{D - A)u;y^R'"'R^, - 2^RV''uj 
-2{D - 2)^R^'''V^V,u, 
(D - 4)a;V^i?2 - 4(L> - l)^RW^u;, 
(D - A)u^V^R +{D- Q)^^RVxUJ 
-2^RV^uj - 2{D - l)y^Vl;. (A.3) 

Mode expansions The metric field is decomposed into the conformal 
mode (f) and the traceless tensor modes h,j_i, as g^i, — e^'^g^i, with g^i, — 
ig^^)nu, where we suppress the coupling constant t. The gravitational quan- 
tities are then decomposed as 

R^, -{D- 2) A^, - g,, { V V + {D - 2) Va^V^^} , 

R\,, + g\A^„ - g\A^, + g^,A\ - g^,A\ 
+ {9\9i.a - 9\9,..)^p(l>^'(l>, (A.4) 

where A^,^ = V^V,/0 — Vju0V,/0. The quantities with the bar are expanded 
in the traceless tensor mode as 

R = R- R^^h^'' + V^V,h^'' - Uj^h^Vxh\ + ]^R%xyX'' 
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R 



R 



furi/ 



(A.5) 

where R = g^^'Ruy. 



B Useful Formulae for Dimensional Regular- 
ization 

We here summarize various formulae to evaluate the D-dimensional inte- 
grals in dimensional regularization. 

Fundamental integral formulae The volume integral in D dimensional 
Euclidean momentum space is given by 

Jd^k = J k^-^dk J dflD, (k^ = k^k^) 

dno ^ / n sin^~'~'^/^^^« = -Y^- (B.l) 
J 1=1 

The following integral formulae are useful: 

[ d^k _ 1 r(n+f)r(.-n-f) 



(27r)^ + L)« (47r)^/2 r (f ) T 

and 

f d^k 1 r d^k 

f d^k 1 

AA 



X 



(B.3) 



(2^) 

Here, the integral with odd number of /c^ vanishes. 

Feynman parameterization In order to evaluate more complicated inte- 
grals that appear in self-energy diagrams and so on, the Feynman parame- 
terization is often used, 

1 T(a^m ii-.r-v-^ ^^^^ 



A'^B0 T{a)T{l3) Jo [(1 - x)A + xB]»+0 ' 
Applying this formula to the self-energy integral with A = k'^ + and 
B = {k + 1)"^ + z"^, the integral can reduce to the fundamental form (B.2) as 
follows: 

d^k fikfj,, Ip) 

{2ti)d {k'' + z^Y{{k + iy + z''Y 
_ r(« + (3) _ 1 f d^k' f{k'^-xi,,Q 

r(a)r(/5) io y (27r)^[fc'2 + ^2 + ^(1 _a.)/2]a+/3- 

(B.5) 

Extraction of UV divergences The UV divergence arises as a pole of 
e— {A — D)/2. To extract the pole, the following formulae are useful: 

a' = e^'"« = 1 + eln a + o(e'). (B.6) 

Here, 7 = 0.57721 ... is the Euler constant and a represents the quantities 
of k'^ and 2;^, for instance. 

Dirac gamma matrices The Dirac gamma matrices in D dimensions sat- 
isfy the following relations: 

7a7a = -D, 
7a7m7a = {D-2h^, 
ixlu-lulx = -4)7^7^ + 4(5^^. (B.7) 
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C Evaluation of The (6.21) Series 

Introducing new variables 

o A B . 

we rewrite the sum of infinite series in (6.21), which is denoted by z^f{x, y) / (47r)^ 
with 

7,1 = V V ^ ' ^ ' 2n-m m //^ cv. 

;^3^o (n-m)!m!2n(2n-m- l)(2n-m-2) y ■ > 

Consider the function given by differentiating f{x, v)/x twice with respect 
to X. It can be evaluated as 

n 



2n x^ 

= {^°^ (l + a;^ - xy) - x^ ^ xy -\- -^(x? - xy) | . (C.3) 
Integrating two times with respect to x, we obtain the following result: 

f{x,y) = X du dvh{v,y) 
Jo Jo 

+ — a; +-[x-x )y--x y 

(C.4) 

Using this expression, wc can obtain the loop correction to the effective 
potential by taking the vanishing limit of the mass scale z as 

yioop _ I I ^ ^ Y . 
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- -V4A - B 
4 



arccos 




Here, we assume B < 2y/A for the present and use the formula: arctan(-\/l — w^/w) 
arccos The IR divergences at z = indeed cancel out. This result can 
be extended to the range of S > 2^/A using the expression of the arccos 
function: arccos w = ilog(u' + y/w^ — 1) with w > 1. If we take the limit of 
^ ^ 0, y^°°P reduces to B'^{-3 + log(5V//^)}/8(47r)2. 
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